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TORELLI THEOREM FOR THE PARABOLIC
DELIGNE-HITCHIN MODULI SPACE
DAVID ALFAYA AND TOMA´S L. GO´MEZ
Abstract. We prove that, given the isomorphism class of the parabolic Deligne-
Hitchin moduli space over a smooth projective curve, we can recover the isomor-
phism class of the curve and the parabolic points.
1. Introduction
Let X be a compact connected Riemann surface of genus g ≥ 3. The construction
of the Deligne-Hitchin moduli space associated to X, MDH(X, r), is due to Deligne
[Del89]. In [Hit87], Hitchin built the twistor space for the hyper-Ka¨hler structure
of the moduli space MHiggs(X, r,OX ) and Simpson proved that this twistor space
can be identified with the complex analytic spaceMDH(X, r) (see [Sim94, page 8]).
In this paper we present a generalization of the Torelli theorem for the Deligne-
Hitchin moduli space of a compact curve given in [BGHL09]. We will use the
formalism of parabolic vector bundles in order to extend this theorem to punctured
Riemann surfaces.
This paper is organized as follows. First, in Section 2, we will deal with parabolic
structures and provide some properties of the moduli space of parabolic vector
bundles. Using them, in Section 3, we will be able to give an alternative proof
to the Torelli theorem for the moduli space of parabolic Higgs bundles. This proof
is slightly different from the one provided by [GL11] and adapts the techniques used
in [BGHL09] to the parabolic case.
Parabolic λ-connections will be described in Section 4, and we will consider a
parabolic version of the Hodge moduli space for a punctured Riemann surface.
Extending the techniques used in [BGHL09] and [BGH13], a Torelli theorem for
the parabolic Hodge moduli space will be proven.
Finally, in Section 5, we will use a parabolic version of the Riemann-Hilbert
correspondence to construct the parabolic Deligne-Hitchin moduli space. The main
result of this work is a Torelli theorem for this space (see Sections 2 and 5 for
definitions and Theorem 5.1).
Theorem 1.1. Let r = 2. Let D be a set of n ≥ 1 different points over a smooth
complex projective curve X of genus g ≥ 3 and let α be a concentrated generic (in
particular full flag) system of weights over D such that for every x ∈ D,
(1.1) β(x) :=
r∑
i=1
αi(x) ∈ Z
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and
∑
x∈D β(x) is coprime with r. The isomorphism class of the complex analytic
space MDH(X, r, α) determines uniquely the isomorphism class of the unordered pair
of punctured Riemann surfaces {(X,D), (X,D)}.
The rank two and coprimality conditions of the previous theorem are only nec-
essary in order to apply the Torelli theorem in [BdBnB01]. If the theorem of
[BdBnB01] were extended to higher rank, then Theorem 5.1 would also hold for
higher rank with the same proof given in this paper. Similarly, the Torelli theo-
rem in [BdBnB01] requires the parabolic weights to be chosen in a way that makes
parabolic stability equivalent to the stability of the underlying vector bundle. If
there existed a generalization of [BdBnB01] for generic parabolic weights, the proof
given in this article would hold not only for concentrated weights satisfying the
coprimality condition, but for generic weights.
Nevertheless, the conditions of full flags, generic weights (see Section 2) and
β(x) ∈ Z are necessary in the current proof independently of [BdBnB01].
Acknowledgments. We thank Indranil Biswas for discussions. In particular, the
proof of Proposition 4.5 was simplified thanks to an idea of him. This research was
funded by MINECO (grant MTM2013-42135-P and ICMAT Severo Ochoa project
SEV-2015-0554) and the 7th European Union Framework Programme (Marie Curie
IRSES grant 612534 project MODULI). The first author was also supported by a
predoctoral grant from Fundacio´n La Caixa – Severo Ochoa International Ph.D.
Program.
2. Parabolic Vector Bundles
Let X be a smooth projective curve over C of genus g ≥ 3. Let D be a finite set
of n ≥ 1 distinct points of X. We recall that a parabolic vector bundle over X is a
holomorphic vector bundle of rank r together with a weighted flag on the fiber Ex
over each x ∈ D called parabolic structure, i.e.
Ex = Ex,0 ) Ex,1 ) · · · ) Ex,lx = {0}
0 ≤ α1(x) < · · · < αlx(x) < 1
We denote by α = {(α1(x), . . . , αlx(x))}x∈D the system of real weights corresponding
to a fixed parabolic structure. We say that a parabolic structure is full flag if lx = r
for all x ∈ D.
Equivalently [Sim90], we can describe the parabolic structure as a collection of
decreasing left continuous filtrations, one filtration for each parabolic point. More
precisely, for each x ∈ D, we have subsheaves Exα of E on X, indexed by real α ≥ 0
such that
a) For every α ≥ β, Exα ⊆ E
x
β
b) For every α > 0 there exist ǫ > 0 such that Exα−ǫ = E
x
α
c) For every α, Exα+1 = E
x
α(−x)
d) Ex0 = E
Notice that conditions (a), (c) and (d) imply that the restriction of Exα to X\{x}
is isomorphic, for any α, to E|X\{x}. Condition (c) allows us to consider systems
with arbitrary real weights, not necessarily between zero and one. Given such a
system, an equivalent parabolic vector bundle with weights between zero and one
can be obtained by tensoring with an appropriate power of OX(x) for each x ∈ D.
Using this definition, a parabolic vector bundle is full flag if dimGr({Exα}) ≤ 1 for
all α ≥ 0.
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Let α be a fixed full flag parabolic structure and let (E,E•) be a parabolic vector
bundle over X . The parabolic degree of (E,E•) is defined as
pardeg(E,E•) = deg(E) +
∑
x∈D
r∑
i=1
αi(x)
and the parabolic slope is then
parµ(E,E•) =
pardeg(E,E•)
rk(E)
Let (E,E•) be a parabolic vector bundle and 0 6= F ⊆ E a subbundle. Then
(E,E•) induces a parabolic structure on F taking
F xα = F ∩ E
x
α
In terms of flags on the fibers Fx for x ∈ D, the induced parabolic structure on Fx
is given by removing all but the last duplicate subspaces of the filtration
Fx = F ∩ Ex,0 ⊇ F ∩ Ex,1 ⊇ · · · ⊇ F ∩ Ex,lx = {0}
and taking the corresponding parabolic weights, i.e., for each j
F ∩ Ex ⊇ F ∩ Ex,ij−1 ) F ∩ Ex,ij−1+1 = . . . = F ∩ Ex,ij ) F ∩ Ex,ij+1
Fx = Fx,0 ⊇ Fx,j−1 ) Fx,j
and we take αij (x) as the weight for Fx,j. Let IF (x) = {i1, . . . , ik}. If the parabolic
structure of E is full flag, then the induced structure on F is full flag too, as
dimGr({F xα}) = dimGr({F ∩E
x
α}) ≤ dimGr({E
x
α}) ≤ 1
Then if E is full flag, the parabolic degree of F with the induced parabolic structure
is
pardeg(F,F•) = deg(F ) +
∑
x∈D
∑
i∈IF (x)
αi(x)
A parabolic bundle (E,E•) is said to be stable (respectively semi-stable) if for all
parabolic subbundles F ( E with the induced parabolic structure we have
(2.1) parµ(F,F•) < parµ(E,E•) (respectively ≤)
Let ξ be a line bundle over X. Let M(X, r, α, ξ) be the moduli space of semi-
stable parabolic vector bundles on X of rank r with weight system α together with
an isomorphism
∧r E ∼= ξ. We will omit the curve X whenever it is clear. It is a
projective scheme of dimension
dimM(r, α, ξ) = (g − 1)(r2 − 1) +
n(r2 − r)
2
Let Ms-par(r, α, ξ) be the open subset parameterizing the stable parabolic bundles.
This open subvariety lies inside the smooth locus of M(r, α, ξ).
Proposition 2.1. Fix an integer r ≥ 2. Then for a generic system of weights α =
{α1(x), . . . , αr(x)}x∈D, every full flag semi-stable parabolic vector bundle (E,E•)
over X is stable.
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Proof. Given a set S, and an integer k, let Pk(S) denote the set of subsets of size
k of S. For each 0 < r′ < r, each map I : D → Pr
′
({1, . . . , r}) and each integer
−nr2 ≤ m ≤ nr2, let
AI,m = {α : r
′
∑
x∈D
r∑
i=1
αi(x)− r
∑
x∈D
∑
i∈I(x)
αi(x) = m}
If we denote by Ir′ the set of possible maps I : D → P
r′({1, . . . , r}), let
A =
r−1⋃
r′=1
⋃
I∈Ir′
mr2⋃
m=−nr2
AI,m
Let us prove that for any system of weights α 6∈ A, every semi-stable full flag
parabolic bundle is parabolically stable. Let us suppose that (E,E•) is a strictly
semi-stable parabolic vector bundle for the system of weights α. Then there exist a
subbundle 0 6= F ( E with the induced parabolic structure such that
deg(F ) +
∑
x∈D
∑
i∈IF (x)
αi(x)
rk(F )
= parµ(F,F•)
= parµ(E,E•) =
deg(E) +
∑
x∈D
∑r
i=1 αi(x)
r
Then
rk(F )
∑
x∈D
r∑
i=1
αi(x)− r
∑
x∈D
∑
i∈IF (x)
αi(x) = r deg(F )− rk(F ) deg(E) ∈ Z
As 0 ≤ αi(x) < 1 for every x ∈ D and every i = 1, . . . , r
−nr2 ≤ rk(F )
∑
x∈D
r∑
i=1
αi(x)− r
∑
x∈D
∑
i∈IF (x)
αi(x) ≤ nr
2
So −nr2 ≤ deg(F )− rk(F ) deg(E) ≤ nr2. Therefore
α ∈ AIF ,r deg(F )−rk(F ) deg(E) ⊆ A

Definition 2.2. We say that a full flag system of weights α over X is generic if
α 6∈ A, where A is the closed subset of Rnr defined in the previous proposition.
Corollary 2.3. Let ξ be a line bundle over X. For a generic system of weights α
M(r, α, ξ) =Ms-par(r, α, ξ)
We will now study the relation between stability of a parabolic vector bundle and
the stability of its underlying vector bundle for a certain type of full flag systems of
weights.
Definition 2.4. Fix a rank r. A full flag system of weights α = {(α1(x), . . . , αr(x))}x∈D
is said to be concentrated if αr(x)− α1(x) <
4
nr2
for all x ∈ D.
Lemma 2.5. Let α be a concentrated system of weights. Let I = {1, . . . , r}. Then
for all x ∈ D and for all I ′(x) ( I, I ′(x) 6= ∅, |I ′(x)| = r′
TORELLI PARABOLIC DELIENGE-HITCHIN 5
∣∣∣∣∣∣
∑
x∈D
r ∑
i∈I′(x)
αi(x)− r
′
∑
i∈I
αi(x)
∣∣∣∣∣∣ < 1
Proof. For each I(x) ( I, let Ic(x) = I\I(x). Then
∑
x∈D
r ∑
i∈I′(x)
αi(x)− r
′
∑
i∈I
αi(x)
 = ∑
x∈D
(r − r′) ∑
i∈I′(x)
αi(x)− r
′
∑
i∈I′(x)
αi(x)

As α1(x) ≤ αi(x) ≤ αr(x), yields
∑
x∈D
(r − r′) ∑
i∈I′(x)
αi(x)− r
′
∑
i∈I′(x)
αi(x)

≤
∑
x∈D
(
(r − r′)r′αr(x)− r
′(r − r′)α1(x)
)
< n(r − r′)r′
4
nr2
Similarly
∑
x∈D
(r − r′) ∑
i∈I′(x)
αi(x)− r
′
∑
i∈I′(x)
αi(x)

≥
∑
x∈D
(
(r − r′)r′α1(x)− r
′(r − r′)αr(x)
)
> −n(r − r′)r′
4
nr2
Finally, the desired inequalities yield from arithmetic-geometric inequality, as for
every 0 ≤ r′ < r
(r − r)′r′
4
r2
≤
(
(r − r′) + r′
2
)2 4
r2
= 1

Proposition 2.6. Let α be a full flag concentrated system of weights for rank r.
Then for every parabolic vector bundle (E,E•) over X with gcd(deg(E), rk(E)) = 1
the following are equivalent
(1) E is semi-stable as a vector bundle
(2) E is stable as a vector bundle
(3) (E,E•) is semi-stable with respect to α as a parabolic vector bundle
(4) (E,E•) is stable with respect to α as a parabolic vector bundle
Proof. Let (E,E•) be a parabolic vector bundle over X. We will prove (1)⇒ (2)⇒
(4) ⇒ (3) ⇒ (1). By definition of (semi)-stability of a parabolic vector bundle
(4)⇒ (3).
(1)⇒ (2) As a vector bundle, E is semi-stable if and only if for every subbundle
{0} 6= F 6= E we have
deg(F )
rk(F )
≤
deg(E)
rk(E)
.
Or, equivalently, if and only if
deg(F ) rk(E)− deg(E) rk(F ) ≤ 0 .
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Let us suppose that E is strictly semi-stable. Then there exist a subbundle F with
0 6= F 6= E such that
deg(F ) rk(E)− deg(E) rk(F ) = 0 .
So deg(F ) rk(E) = deg(E) rk(F ) and we have rk(E)|deg(E) rk(F ). As gcd(deg(E), rk(E)) =
1 we must have rk(E)| rk(F ). Nevertheless, F is a subbundle of E with {0} 6= F 6= E,
so 0 < rk(F ) < rk(E) and we arrive to a contradiction.
(2)⇒ (4) For every subbundle F we consider the system of weights αF induced by
α on F . Then for every x ∈ D there exist a subset IF (x) ( I with |IF (x)| = rk(F )
such that αF = {αi : i ∈ IF (x)}x∈D. As a parabolic vector bundle, (E,E•) is stable
with respect to α if and only if for every subbundle {0} 6= F 6= E
deg(F ) +
∑
x∈D
∑
i∈IF (x)
αi(x)
rk(F )
<
deg(E) +
∑
x∈D
∑
i∈I αi(x)
rk(E)
or equivalently, if and only if
deg(F ) rk(E)− deg(E) rk(F ) <
∑
x∈D
rk(E) ∑
i∈IF (x)
αi(x)− rk(F )
∑
i∈I
αi(x)
 .
On the other hand if E is stable then for every subbundle 0 6= F 6= E yields
deg(F ) rk(E)− deg(E) rk(F ) < 0 .
As deg(F ) rk(E) − deg(E) rk(F ) ∈ Z we have deg(F ) rk(E) − deg(E) rk(F ) ≤ −1.
Lemma 2.5 implies
−1 <
∑
x∈D
rk(E) ∑
i∈IF (x)
αi(x)− rk(F )
∑
i∈I
αi(x)
 < 1
so for every subbundle {0} 6= F 6= E
deg(F ) rk(E)− deg(E) rk(F ) ≤ −1 <
∑
x∈D
rk(E) ∑
i∈IF (x)
αi(x)− rk(F )
∑
i∈I
αi(x)

(3) ⇒ (1) If (E,E•) is semi-stable with respect to α then for every subbundle
{0} 6= F 6= E
deg(F ) rk(E)− deg(E) rk(F ) ≤
∑
x∈D
rk(E) ∑
i∈IF (x)
αi(x)− rk(F )
∑
i∈I
αi(x)
 .
As a consequence of Lemma 2.5,∑
x∈D
rk(E) ∑
i∈IF (x)
αi(x)− rk(F )
∑
i∈I
αi(x)
 < 1 .
Therefore,
deg(F ) rk(E) − deg(E) rk(F ) ≤
∑
x∈D
rk(E) ∑
i∈IF (x)
αi(x)− rk(F )
∑
i∈I
αi(x)
 < 1.
We have deg(F ) rk(E) − deg(E) rk(F ) ∈ Z and deg(F ) rk(E) − deg(E) rk(F ) < 1,
so for every subbundle 0 6= F 6= E, deg(F ) rk(E) − deg(E) rk(F ) ≤ 0 and so, E is
semi-stable. 
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The weights will be required to be concentrated in order to apply later on the
Torelli theorem for the moduli space of rank 2 semi-stable parabolic vector bundles
given in [BdBnB01]. Nevertheless, if there existed a generalization of the Torelli
theorem in [BdBnB01] for generic parabolic weights, the proofs given in this paper
would also hold for generic parabolic weights.
Lemma 2.7. Let α be a generic (in particular full flag) system of weights. Then
the holomorphic cotangent bundle
T ∗M(r, α, ξ) −→M(r, α, ξ)
does not admit any nonzero holomorphic section.
Proof. As a consequence of Corollary 2.3,Ms-par(r, α, ξ) =M(r, α, ξ). ThenM(r, α, ξ)
is smooth. As we are considering full flags on every point in D, by [BY99, Theorem
6.1] M(r, α, ξ) is rational. Then it is a smooth rational projective variety, so it does
not admit any nonzero holomorphic 1-form. 
3. Parabolic Higgs bundles
Let (E,E•) be a parabolic vector bundle. A strongly parabolic endomorphism of
E is an endomorphism Φ : E → E such that for every point x ∈ D,
Φ(Ex,i) ⊆ Ex,i+1 .
Analogously, we say that an endomorphism Φ : E → E is weakly parabolic if it
satisfies
Φ(Ex,i) ⊆ Ex,i .
Denote by SParEnd(E,E•) the sheaf of strongly parabolic endomorphisms of (E,E•)
and by ParEnd(E,E•) the sheaf of weakly parabolic endomorphisms.
A strongly parabolic Higgs bundle (E,E•,Φ) is a parabolic vector bundle (E,E•)
together with an homomorphism called Higgs field
Φ : E −→ E ⊗K(D)
such that for each x ∈ D the homomorphism induced in the filtration over the fiber
Ex satisfies
Φ(Ex,i) ⊆ Ex,i+1 ⊗K(D)|x
where K is the canonical bundle over X and K(D) is the line bundle K ⊗OX(D).
Similarly, a weakly parabolic Higgs bundle is a parabolic vector bundle (E,E•)
together with a Higgs field Φ : E → E ⊗ K(D) such that for each x ∈ D the
homomorphism induced in the filtration over the fiber Ex satisfies
Φ(Ex,i) ⊆ Ex,i ⊗K(D)|x
We can view the Higgs field both as a holomorphic morphism ϕ : E → E ⊗K(D)
and as a meromorphic morphism ϕ : E → E⊗K that has at most simple poles over
D. A parabolic subbundle (F,F•) ⊂ (E,E•) is said to be Φ-invariant if Φ(F ) ⊆
F ⊗K(D). A parabolic Higgs bundle (either strongly or weakly) is called (semi)-
stable if the stability slope condition (2.1) holds for every Φ-invariant subbundle
F ( E, F 6= {0}. If we do not mention explicitly if a parabolic Higgs bundle is
strongly of weakly parabolic, it will be understood that it is strongly parabolic.
We denote byMHiggs(r, α, ξ) the moduli space of semi-stable (strongly) parabolic
Higgs bundles of rank r, weight system α and trΦ = 0 together with an isomorphism∧r E ∼= ξ. It is an irreducible normal projective variety of dimension
dimMHiggs(r, α, ξ) = 2(g − 1)(r
2 − 1) + n(r2 − r)
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If α is a generic system of weights, then every semi-stable parabolic Higgs bundle
is stable. The set of stable parabolic Higgs bundles lies within the smooth locus
of MHiggs(r, α, ξ). Therefore, if α is a generic system of weights MHiggs(r, α, ξ)
is smooth. Finally, let MwHiggs(r, α, d) be the moduli space of semi-stable weakly
parabolic Higgs bundles of rank r and weight system α such that the underlying
vector bundle has degree d.
There is a natural embedding
(3.1) i :M(r, α, ξ) →֒ MHiggs(r, α, ξ)
defined by (E,E•) 7→ (E,E•, 0). Let M
s-par
Higgs(r, α, ξ) be the locus of parabolic Higgs
bundles (E,E•,Φ) whose underlying parabolic vector bundle (E,E•) is stable. It is
an open dense subset of MHiggs(r, α, ξ). Let
(3.2) prE :M
s-par
Higgs(r, α, ξ) −→M
s-par(r, α, ξ)
be the forgetful map defined by (E,E•,Φ) → (E,E•). By deformation theory, the
tangent space at [(E,E•)], T[(E,E•)]M(r, α, ξ) is isomorphic toH
1(X,ParEnd(E,E•)).
By the parabolic version of Serre duality,
H1(X,ParEnd(E,E•))
∗ ∼= H0(X,SParEnd(E,E•)⊗K(D))
and hence, the Higgs field is an element of the cotangent bundle T ∗[(E,E•)]M(r, α, ξ)
and one has a canonical isomorphism
(3.3) Ms-parHiggs(r, α, ξ)
∼
−→ T ∗Ms-par(r, α, ξ)
of varieties over Ms-par(r, α, ξ).
Corollary 2.3 implies that Ms-par(r, α, ξ) =M(r, α, ξ) so we get an isomorphism
(3.4) Ms-parHiggs(r, α, ξ)
∼
−→ T ∗M(r, α, ξ)
Let us recall the definition of the Hitchin map and the Hitchin space for weakly
parabolic Higgs bundles. Let S = V(K(D)) be the total space of the line bundle
K(D), let
p : S = Spec Sym•(K−1 ⊗OX(D)
−1) −→ X
be the projection, and x ∈ H0(S, p∗(K(D))) be the tautological section. The char-
acteristic polynomial of a Higgs field
det(x · id−p∗Φ) = xr + s˜1x
r−1 + s˜2x
r−2 + · · ·+ s˜r
defines sections si ∈ H
0(X,KiDi), such that s˜i = p
∗si, whereK
iDj denotes the ten-
sor product of the i-th power of K with the j-th power of the line bundle associated
to D. We define the Hitchin space as
(3.5) H =
r⊕
i=1
H0(KiDi)
The Hitchin map is defined as
(3.6) Hw :MwHiggs(r, α, d) −→ H
sending each parabolic Higgs bundle (E,E•,Φ) to the characteristic polynomial of
Φ.
We can now restrict the Hitchin map to MHiggs(r, α, ξ), where deg(ξ) = d. We
are assuming that Φ is strongly parabolic. Therefore the residue at each point of D
is nilpotent. This implies that the eigenvalues of Φ vanish at D, so for each i > 0
the section si belongs to the subspace H
0(X,KiDi−1) ⊆ H0(X,KiDi). Moreover,
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in order to fix the determinant, we are asking Φ to be traceless, so s1 = 0 and the
image in the Hitchin space lies in
(3.7) H0 =
r⊕
i=2
H0(KiDi−1)
Therefore, we obtain a map
(3.8) H :MHiggs(r, α, ξ) −→ H0
Lemma 3.1. The Hitchin map restricted to MHiggs(r, α, ξ), (3.8) is projective.
Proof. By [Yok93, Corollary 5.12] the map (3.6) is projective. We clearly have an
immersion
j :MHiggs(r, α, ξ) −→M
w
Higgs(r, α, d) .
We can characterize MHiggs(r, α, ξ) as the subset of M
w
Higgs(r, α, d) parameterizing
semi-stable parabolic Higgs bundles (E,E•,Φ), such that det(E) ∼= ξ, tr Φ = 0 and
Φ is strongly parabolic. The condition of being strongly parabolic can be locally set
imposing that for every x ∈ D and every choice of local coordinates for the bundle
around x coherent with the given filtration, Φ has zeros in the diagonal entries.
Therefore, all three conditions are closed and the map j is a closed map. We now
have the following commutative diagram
MHiggs(r, α, ξ)
j
//
H

MwHiggs(r, α, d)
f
//
Hw

PnH
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦
H0 // H
As Hw is projective, it factors into a closed immersion f : MwHiggs(r, α, d) → P
n
H
for some n, followed by the projection PnH → H. Then H
w ◦ j factors into another
closed immersion f ◦ j : MHiggs(r, α, ξ) → P
n
H and the projection P
n
H → H, so it is
projective. As H is just the restriction of the image of j ◦ Hw to H0, H must be
projective. 
Lemma 3.2. The fibers of the Hitchin map (3.8) are connected.
Proof. By [GL11, Lemma 3.1] and [GL11, Lemma 3.2], the fibers of (3.8) over a
certain open dense subset U of H0 are isomorphic to a Prym variety, so each of
those fibers are connected. Applying Stein factorization theorem [Har77, Corollary
11.5] to the projective morphism H gives us an algebraic variety H˜0 and morphisms
H˜ and g such that H˜ has connected fibers, g is a finite morphism and the following
diagram commutes
MHiggs(r, α, ξ)
H˜ //
H
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
H˜0
g

H0
For every p ∈ U , H−1(p) is connected. The image of a connected set is connected,
so H˜(H−1(p)) = g−1(p) is connected. As g is finite, g−1(p) must be a single point.
Then g is an isomorphism between g−1(U) and U , so g is a birational map. Every
finite morphism is projective, so by Zariski’s Main Theorem [Har77, Corollary 11.4]
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a birational finite morphism to a normal variety is an isomorphism to an open set,
so g is an isomorphism to its image. Thus, every fiber of H = H˜ ◦ g is a fiber of H˜
and must be connected.

The multiplicative group C∗ acts on the moduli space MHiggs(r, α, ξ) by
(3.9) t · (E,E•,Φ) = (E,E•, tΦ)
The Hitchin map H induces an associated C∗ action in H given by
(3.10) t · (v2, . . . , vi, . . . , vr) = (t
2v2, . . . , t
ivi, . . . , t
rvr)
Where vi ∈ H
0(X,KiDi−1) for i ∈ 2, . . . , r.
Lemma 3.3. Let α be a generic system of weights. Then the holomorphic tangent
bundle
TM(r, α, ξ) −→M(r, α, ξ)
does not admit any nonzero holomorphic section.
Proof. A holomorphic section s of TM(r, α, ξ) provides by contraction a holomor-
phic function
s♯ : T ∗M(r, α, ξ) −→ C
on the total space of the cotangent bundle which is linear on the fibers. Under the
isomorphism in (3.4), it corresponds to a holomorphic function
f :Ms-parHiggs(r, α, ξ) −→ C
Taking G = SL(O
⊕(r−1)
X ⊕ ξ) in [Fal93, Lemma II.6] and [Fal93, V.(iii), page 561] we
obtain that the codimension of Ms-parHiggs(r, α, ξ) in MHiggs(r, α, ξ) is grater than two.
As MHiggs(r, α, ξ) is smooth, by Hartog’s theorem, the function f extends to a
holomorphic function
f˜ :MHiggs(r, α, ξ) −→ C
Since f is linear on the fibers we know that f˜ must be homogeneous of degree
1 for the action (3.9) of C∗. On the moduli space MHiggs(r, α, ξ) the Hitchin map
(3.8) is projective by Lemma 3.1, so it is proper, and its fibers are connected by
Lemma 3.2. Therefore, the function f˜ is constant on the fibers of the Hitchin map
and f˜ factors through a holomorphic function on the Hitchin space, which must still
be homogeneous of degree 1.
On the other hand, there is no nonzero holomorphic homogeneous function of
degree 1 on H, because all the exponents of t in (3.10) are at least two. Therefore,
f˜ = 0 and we get f = 0, s♯ = 0 and, finally, s = 0. 
Corollary 3.4. Let α be a generic (in particular full flag) system of weights. The
restriction of the holomorphic tangent bundle
TMHiggs(r, α, ξ) −→MHiggs(r, α, ξ)
to i(M(r, α, ξ)) ⊆MHiggs(r, α, ξ) does not admit any nonzero holomorphic section.
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Proof. Using Lemma 3.3, it suffices to show that the normal bundle of the embedding
i :M(r, α, ξ) −→Ms-parHiggs(r, α, ξ)
does not admit any nonzero holomorphic sections. The isomorphism in (3.4) allows
us to identify this normal bundle with T ∗M(r, α, ξ), so the lemma follows from
Lemma 2.7. 
We can adapt Simpson’s result [Sim95, Lemma 11.9] to the parabolic situation
and we obtain the following
Lemma 3.5. Let (E,E•,Φ) be a parabolic Higgs bundle in the nilpotent cone, with
Φ 6= 0. Assume that (E,E•,Φ) is a fixed point of the action (3.9). Then there is
another Higgs bundle (E′, E′•,Φ
′) in the nilpotent cone, not isomorphic to (E,E•,Φ)
such that limt→∞(E
′, E′•, tΦ
′) = (E,E•,Φ)
The previous results combine in
Proposition 3.6. Let α be a full flag generic system of weights. Let Z be an
irreducible component of the fixed point locus of the action (3.9) in MHiggs(r, α, ξ).
Then
dimZ ≤ (r2 − 1)(g − 1) +
n(r2 − r)
2
with equality only for Z = i(M(r, α, ξ)).
Proof. The C∗ action (3.9) on MHiggs(r, α, ξ) and the C
∗ action (3.10) on H0 are
intertwined by the Hitchin map H. Clearly the only fixed point in H0 for this action
is 0, so Z ⊆ H−1(0).
By [GPGM07, Theorem 3.14], the fiber H−1(0) is a Lagrangian subscheme of
MHiggs(r, α, ξ) so dimH
−1(0) = 12 dimMHiggs(r, α, ξ) = dimM(r, α, ξ) and so
dimZ ≤ dimM(r, α, ξ) = (r2 − 1)(g − 1) +
n(r2 − r)
2
and equality holds if Z is an irreducible component of H−1(0).
Recall that i : M(r, α, ξ) → H−1(0) takes E → (E, 0). Since a non-trivial C∗-
action produces a non-trivial vector field, from Lemma 3.3 we know thatM(r, α, ξ)
does not admit any non-trivial C∗-action. As dimM(r, α, ξ) = dimH−1(0), i(M(r, α, ξ))
is an irreducible component of H−1(0) of the maximum allowed dimension, so it
remains to check that there is no other irreducible component where there is no
C∗-action. The rest of the components have a nonzero Higgs field, so the C∗- action
(3.9) (E,Φ) 7→ (E, tΦ) is non-trivial due to Lemma 3.5. 
Using the previous Proposition we can obtain a proof of the Torelli theorem for
the moduli space of parabolic Higgs bundles on a curve
Corollary 3.7. Let r = 2. Let X be a smooth complex projective curve of genus
g ≥ 3. Let D be a finite set of n ≥ 1 distinct points over X and let α be a
concentrated generic (in particular full flag) system of weights over D. Let ξ be
a line bundle over X such that deg(ξ) is coprime with r. The isomorphism class
of the complex analytic space MHiggs(r, α, ξ) determines uniquely the isomorphism
class of the punctured Riemann surface (X,D), meaning that if MHiggs(X, r, α, ξ)
is biholomorphic to MHiggs(X
′, r, α′, ξ′) for another punctured connected Riemann
surface (X ′,D′) of the same genus g and a generic concentrated system of weights
α′ over D′, then (X,D) ∼= (X ′,D′).
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Proof. Let Z ⊂ MHiggs(r, α, ξ) be a closed analytic subset with the following two
properties:
(1) Z is irreducible, smooth, and has complex dimension (r2−1)(g−1)+ n(r
2−r)
2 .
(2) The restriction of the holomorphic tangent bundle TMHiggs(r, α, ξ) to Z ⊂
MHiggs(r, α, ξ) has no nonzero holomorphic sections.
By Corollary 3.4, the image i(M(r, α, ξ)) of the embedding i in (3.1) has these
properties. We will prove that this is the only possible choice for Z.
Every C∗ action onMHiggs(r, α, ξ) defines a holomorphic vector field onMHiggs(r, α, ξ).
The second assumption on Z says that any holomorphic vector field onMHiggs(r, α, ξ)
vanishes on Z. Therefore, the stabilizer of each point Z ⊂ MHiggs(r, α, ξ) has non-
trivial tangent space at 1 ∈ C∗, and hence the stabilizer must be the full group
C∗.
Then Z belongs to the fixed point locus of the action (3.9) in MHiggs(r, α, ξ).
Due to Proposition 3.6, and property (1), Z = i(M(r, α, ξ)). In particular, we have
Z ∼=M(r, α, ξ).
Then, the isomorphism class of MHiggs(r, α, ξ) determines the isomorphism class
of M(r, α, ξ). Due to [BdBnB01, Theorem 3.2], the latter determines the isomor-
phism class of the punctured Riemann surface (X,D). 
The rank two condition of the previous corollary is only necessary in order to apply
the Torelli theorem in [BdBnB01]. If the Theorem of [BdBnB01] were extended to
Higher rank, then Corollary 3.7 would also hold for higher rank with the same proof
given above.
4. The parabolic λ-connections
Let ξ be a line bundle over X and let α be a fixed full flag system of weights
over D. Let us suppose that deg(ξ) = −
∑
x∈D
∑r
i=1 αi(x). Fixing a line bundle
and a system of weights α over X allows us to describe canonically a parabolic line
bundle over X, (ξ, ξxβ), taking the underlying vector bundle as ξ and defining trivial
filtrations over each x ∈ D with parabolic weight
β(x) := β1(x) =
r∑
i=1
αi(x)
As ξ has rank one, any parabolic structure on ξ consists of trivial filtrations. It is
possible that for some x ∈ D, β(x) ≥ 1. Taking into account the definition for the
parabolic structure in terms of left continuous filtrations given by Simpson [Sim90],
a parabolic line bundle ξ with jumps at weights β(x) for each x ∈ D such that
ξx
β(x) = ξ(−x) is the same as a trivial filtration for the bundle
(4.1) ξ
(∑
x∈D
⌊β(x)⌋x
)
with parabolic weights {β(x)− ⌊β(x)⌋}x∈D .
Thus, the value of the jump β(x) defines the parabolic structure on ξ completely.
By construction, we get that
pardeg(ξ) = deg(ξ) +
∑
x∈D
β(x) = deg(ξ) +
∑
x∈D
r∑
i=1
αi(x) = 0
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The line bundle ξ can be given the structure of a parabolic Higgs bundle canonically
taking a zero Higgs field. In fact, as the rank of ξ is one, every traceless Higgs field
over ξ must be zero, so MHiggs(1, β, ξ) consists exactly of the point (ξ, 0).
Let (E,E•,Φ) be a traceless strongly parabolic Higgs bundle with parabolic sys-
tem of weights α such that det(E) = ξ. Taking the determinant of (E,E•,Φ), we
obtain a rank one parabolic Higgs bundle (det(E),det(E)•, tr Φ). As tr(Φ) = 0, the
induced morphism is the zero morphism.
Thus, taking the determinant, every parabolic Higgs bundles [(E,E•,Φ)] ∈ MHiggs(r, α, ξ)
induces the same parabolic Higgs bundle (ξ, ξ•, 0).
Using the Simpson correspondence [Sim90] between parabolic Higgs bundles of
parabolic degree 0 and parabolic connections of parabolic degree 0, the parabolic
Higgs bundle (ξ, ξ•, 0) corresponds to a parabolic connection (ξ
′, ξ′•,∇ξ,β) with the
same parabolic weights β, such that Res(∇ξ,β, x) = β(x) Id for every x ∈ D.
Let (E′, E′•,∇) be the parabolic connection corresponding to the Higgs bundle
(E,E•,Φ) under the Simpson correspondence. Taking the determinant of (E
′, E′•,∇)
we obtain a rank one parabolic connection
(det(E),det(E)•, ∇˜ = tr(∇)) .
As the Simpson correspondence is an equivalence of categories compatible with
determinants [Sim90, Theorem 2], the determinant of (E′, E′•,∇) must be the image
of the determinant of (E,E•,Φ). Therefore, the morphism ∇˜ must coincide with
∇ξ,β. This leads up to the following definition of parabolic λ-connection for the
group SL(r,C).
Definition 4.1. For a fixed line bundle ξ, a system of weights α and a given λ ∈ C
a parabolic λ-connection on X (for the group SL(r,C)) is a triple (E,E•,∇) where
(1) (E,E•) −→ X is a parabolic vector bundle of rank r and weight system α
together with an isomorphism
∧r E ∼= ξ
(2) ∇ : E → E ⊗K(D) is a C-linear homomorphism of sheaves over the under-
lying vector space of E satisfying the following conditions
(a) If f is a locally defined holomorphic function on X and s is a locally
defined holomorphic section of E then
∇(fs) = f · ∇(s) + λ · s⊗ df
(b) For each x ∈ D the homomorphism induced in the filtration over the
fiber Ex satisfies
∇(Ex,i) ⊆ Ex,i ⊗K(D)|x
(c) For every x ∈ D and every i = 1, . . . , r the action of Res(∇, x) on
Ex,i/Ex,i−1 is the multiplication by λαi(x). Since Res(∇, x) preserves
the filtration, it acts on each quotient.
(d) The operator tr(∇) :
∧r E −→ (∧r E) ⊗K(D) induced by ∇ coincides
with λ · ∇ξ,β.
We say that a parabolic λ-connection (E,E•,∇) on X (for the group SL(r,C)) is
stable (respectively semi-stable) if and only if for every parabolic subbundle F ( E
with the induced parabolic structure such that ∇(F ) ⊆ F
parµ(F ) < parµ(E) (respectively ≤)
We denote by MHod(r, α, ξ) the moduli space of semi-stable quadruples of the
form (λ,E,E•,∇), where λ is a complex number and (E,E•,∇) is a parabolic
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λ-connection. In the non-parabolic case, the Hodge moduli space was described by
Deligne [Del89] and it was constructed as an instance of a moduli space of Λ-modules
by Simpson [Sim94]. For the construction of this moduli space in the parabolic sce-
nario, see [Alf16]. The moduli space MHod(r, α, ξ) is a complex algebraic variety of
dimension 1+2(g− 1)(r2− 1)+n(r2− r). It is equipped with a surjective algebraic
morphism
(4.2) prλ :MHod(r, α, ξ) −→ C
defined by prλ(λ,E,E•,∇) = λ.
Given a parabolic vector bundle (E,E•), taking λ = 0, a parabolic 0-connection
over (E,E•) is a homomorphism of OX -modules ∇ : E → E ⊗K(D) that preserves
the filtration and such that for every x ∈ D, Res(∇, x) acts as the zero morphism
on Ex,i/Ex,i+1. Then, for every x ∈ D, ∇(Ex,i) ⊆ Ex,i+1 ⊗K(D)|x. Moreover, the
induced morphism
∧r E → ∧r E⊗K(D) is zero. As this morphism coincides locally
with the trace of ∇, ∇ is a traceless morphism ∇ : E → E ⊗K(D).
Thus, a 0-connection is a traceless strongly parabolic Higgs bundle, so
MHiggs(r, α, ξ) = pr
−1
λ (0) ⊂MHod(r, α, ξ)
In particular, the embedding (3.1) of M(r, α, ξ) into MHiggs(r, α, ξ) also gives an
embedding of M(r, α, ξ) into MHod(r, α, ξ)
(4.3) i :M(r, α, ξ) →֒ MHod(r, α, ξ)
and the group C∗ acts on MHod(r, α, ξ) extending the C
∗ action on MHiggs(r, α, ξ)
introduced in formula (3.9) by
(4.4) t · (λ,E,E•,∇) = (t · λ,E,E•, t · ∇)
Proposition 4.2. Let α be a full flag generic system of weights. Let Z be an
irreducible component of the fixed point locus of the action (4.4) in MHod(r, α, ξ).
Then dimZ ≤ (r2 − 1)(g − 1) + n(r
2−r)
2 , with equality only for Z = i(M(r, α, ξ))
Proof. A point (λ,E,E•,∇) ∈ MHod(r, α, ξ) can only be a fixed point of the action
if λ = 0. Then Z ⊆MHiggs(r, α, ξ). The result follows from Proposition 3.6. 
A λ-connection in MHod(r, α, ξ) for λ = 1 is a holomorphic flat connection on a
parabolic vector bundle in the usual way [Bis02, §3], that is, a logarithmic connection
singular over D such that the residue at every x ∈ D restricted to Ex,i/Ex,i−1 is
just the multiplication by αi(x), so
Mconn(r, α, ξ) := pr
−1
λ (1) ⊂MHod(r, α, ξ)
is the moduli space of parabolic SL(r,C)-connections (E,E•,∇) with weight system
α and an isomorphism det(E) ∼= ξ. We denote by
Ms-parconn (r, α, ξ) ⊂Mconn(r, α, ξ) and M
s-par
Hod (r, α, ξ) ⊂MHod(r, α, ξ)
the Zariski open subvarieties where the underlying parabolic vector bundle is stable.
Proposition 4.3. The forgetful map
(4.5) prE :M
s-par
conn (r, α, ξ) −→M
s-par(r, α, ξ)
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defined by prE(E,∇) = E admits no holomorphic section.
Proof. Let us suppose that there exist a holomorphic section
s :Ms-par(r, αξ) −→Ms-parconn (r, α, ξ)
By the Riemann-Hilbert correspondence, the map that sends each parabolic connec-
tion to its monodromy is a holomorphic map fromMs-parconn (r, α, ξ) to an algebraically
closed subset of the moduli space of irreducible representations of the fundamental
group of X\D in GL(r,C). In particular, given a base point x0 ∈ X\D, we obtain
a holomorphic map (see Section 5 for the details)
RH−1 :Ms-parconn (r, α, ξ) −→ Hom(π1(X\D,x0),GL(r,C))/ GL(r,C)
The latter is an affine variety because the GIT quotient of an affine variety is affine
and Hom(π1(X\D,x0),GL(r,C)) is a closed subset of C
(r2+1)(2g+n). On the other
hand, as we assumed generic parabolic weights, Ms-par(r, α, ξ) =M(r, α, ξ) is com-
pact as an analytic variety. Therefore,
RH−1 ◦s :Ms-par(r, α, ξ) −→ Hom(π1(X\D,x0),GL(r,C))/ GL(r,C)
is a holomorphic morphism from a compact variety to an affine variety and it must be
constant. As the parabolic data has been fixed, by [Kat76] for every representation
of the fundamental group in the image of RH−1 there exist a unique logarithmic con-
nection on X with the prescribed monodromy and residual data. Moreover, the par-
abolic structure is assumed to be full flag, so there is a single parabolic structure on
the underlying vector bundle compatible with the logarithmic connection.Therefore,
the morphism RH−1 :Ms-parconn (r, α, ξ) −→ Hom(π1(X\D,x0),GL(r,C))/ GL(r,C) is
injective, so s must be constant and we conclude that it is not a section of prE.

The forgetful maps (4.5) and (3.2) can be both seen as restrictions to pr−1λ (0) and
pr−1λ (1) respectively of a map
(4.6) prE :M
s-par
Hod (r, α, ξ) −→M
s-par(r, α, ξ)
defined by prE(λ,E,E•,∇) = (E,E•).
Corollary 4.4. Let α be a generic (in particular full flag) system of weights. The
only holomorphic map
s :M(r, α, ξ) −→Ms-parHod (r, α, ξ)
with prE ◦s = Id is the restriction of the embedding i defined in (4.3)
i :M(r, α, ξ) →֒ Ms-parHod (r, α, ξ)
Proof. The composition
M(r, α, ξ)
s
−→Ms-parHod (r, α, ξ)
prλ−→ C
is a holomorphic function on M(r, α, ξ). Since the later is compact, it is a constant
function. Up to the C∗ action in (4.4), we may assume that this constant is either
0 or 1.
If this constant were 1, then s would factor through pr−1λ (1) = M
s-par
conn (r, α, ξ),
which would contradict Proposition 4.3. Hence this constant is 0, and s factors
through pr−1λ (0) =M
s-par
Higgs(r, α, ξ). Thus, under isomorphism (3.4) s corresponds to
a holomorphic global section of T ∗M(r, α, ξ). But due to Lemma 2.7, s is zero, so
it must be the restriction of the canonical embedding i in (4.3). 
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Corollary 4.5. Let α be a generic (in particular full flag) system of weights. Then
every semi-stable λ-connection is stable. As the set of stable λ-connections lie in the
smooth locus of MHod(r, α, ξ), the later is smooth. The restriction of the holomor-
phic tangent bundle
TMHod(r, α, ξ) −→MHod(r, α, ξ)
to i(M(r, α, ξ)) ⊂MHod(r, α, ξ) does not admit any nonzero holomorphic section.
Proof. Let N be the holomorphic normal bundle of the restricted embedding
i :M(r, α, ξ) →֒ MHod(r, α, ξ)
Due to Lemma 3.3, it suffices to show that this vector bundle N over M(r, α, ξ) has
no nonzero holomorphic sections. One has a canonical isomorphism
(4.7) MHod(r, α, ξ)
∼
−→ N
of varieties over Ms(r, α, ξ), defined by sending any (λ,E,E•,∇) to the derivative
at t = 0 of the map C −→MHod(r, α, ξ) given by
t 7−→ (t · λ,E,E•, t · ∇)
Using this morphism, from Corollary 4.4 we conclude that N does not have any
nonzero holomorphic sections. 
Corollary 4.6. Let r = 2. Let X be a smooth complex projective curve of genus
g ≥ 3. Let D be a finite set of n ≥ 1 distinct points over X and let α be a
concentrated generic (in particular full flag) system of weights over D. Let ξ be a
line bundle over X such that deg(ξ) = −
∑
x∈D
∑r
i=1 αi(x) is coprime with r. The
isomorphism class of the complex analytic space MHod(r, α, ξ) determines uniquely
the isomorphism class of the punctured Riemann surface (X,D).
Proof. We will proceed similarly to the proof of Corollary 3.7. Let Z ⊂MHod(r, α, ξ)
be a closed analytic subset with the following two properties:
(1) Z is irreducible and has complex dimension (r2 − 1)(g − 1) + n(r
2−r)
2 .
(2) The restriction of the holomorphic tangent bundle TMHod(r, α, ξ) to the
subspace Zsm ⊂MHod(r, α, ξ) has no nonzero holomorphic sections.
By Corollary 4.5, i(M(r, α, ξ)) ⊂MHod(r, α, ξ) of the embedding (4.3) has these
properties. We will prove that this is the only possible choice for Z.
Every C∗ action on MHod(r, α, ξ) defines a holomorphic vector field. The second
assumption on Z says that any such holomorphic vector field vanishes on Zsm.
Therefore, the stabilizer of each point Zsm ⊂ MHod(r, α, ξ) has nontrivial tangent
space at 1 ∈ C∗, and hence the stabilizer must be the full group C∗.
Then Zsm belongs to the fixed point locus of the action (4.4) inMHod(r, α, ξ), and
thus, so does its closure in MHod(r, α, ξ), Z. Due to Proposition 4.2, and property
(1), Z = i(M(r, α, ξ)). In particular, we have Z ∼=M(r, α, ξ).
Then, as in the proof of Corollary 3.7, the isomorphism class of MHiggs(r, α, ξ)
determines the isomorphism class of M(r, α, ξ). Due to [BdBnB01, Theorem 3.2],
the latter determines the isomorphism class of the punctured Riemann surface
(X,D). 
The rank two, coprimality and concentrated weights conditions of the previous
corollary are only necessary in order to apply the Torelli theorem in [BdBnB01]. If
the Theorem of [BdBnB01] were extended to higher rank or generic weights, then
Corollary 4.6 would also hold for higher rank and generic weights respectively with
the same proof given above.
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5. The parabolic Deligne-Hitchin moduli space
We can extend Deligne’s construction [Del89] of the Deligne-Hitchin moduli space
for the group SL(r,C) as described in [BGHL09, §4] to the parabolic scenario. Let
α be a full flag generic system of weights over D such that for every x ∈ D,
(5.1) β(x) :=
r∑
i=1
αi(x) ∈ Z
Let XR be the C
∞ real manifold of dimension two underlying X. Fix a point
x0 ∈ XR\D. For every x ∈ D, let γx ∈ π1(XR\D,x0) be the class of a pos-
itively oriented simple loop around x. Let Mrep(XR, r, α) be the subvariety of
Hom(π1(XR\D,x0),SL(r,C))/ SL(r,C) corresponding to classes of irreducible rep-
resentations ρ : π1(XR\D,x0) −→ SL(r,C) such that for each x ∈ D, ρ(γx) has
eigenvalues {e−2πiαi(x)}. The group SL(r,C) acts on Hom(π1(XR\D,x0),SL(r,C))
through the adjoint action of SL(r,C) on itself. Since the eigenvalues of ρ(γx) are
preserved by conjugation, the quotient is well defined. On the other hand, the
determinant of ρ(γx) is the product of its eigenvalues, so
det(ρ(γx)) =
r∏
i=1
e−2πiαi(x) = e−2πi
∑r
i=1 αi(x) = 1
The fundamental groups for different base points are identified up to an inner
automorphism and the different choices of the loops γx are identified through an
outer isomorphism. Thus, the isomorphism class of the space Mrep(XR, r, α) is
independent of the choice of x0 and the loops γx, so we can omit any reference to
both of them.
A Riemann-Hilbert-like correspondence can be defined between the moduli space
of stable parabolic connections of parabolic degree 0 and the moduli space of stable
filtered local systems [Sim90] of degree 0 for the group GL(n,C). Simpson proved
that this correspondence is a functor compatible with determinants [Sim90, Lemma
3.2]. This implies that there exist a line bundle ξ over X such that there exist a
biholomorphic isomorphism
(5.2) Mrep(XR, r, α)
∼
−→Mconn(r, α, ξ)
Let Mconn(r, α) denote the moduli space of stable parabolic connections of rank
r, parabolic weights α and parabolic degree 0 over X and letMrep(XR, α,GL(r,C))
denote the space of classes of irreducible representations of the fundamental group
of XR\D in GL(r,C) with weights α. Then the following diagram commutes
Mconn(r, α)
det

Mrep(XR, α,GL(r,C))
RHoo
det

Mconn(1, β) Mrep(XR, β,C
∗)
RHoo
(5.3)
Mrep(XR, r, α) ⊂ Mrep(XR, α,GL(r,C)) is the fiber of the determinant over the
equivalence class of the constant representation [ρ] ∈ Mrep(XR, β,C
∗) given by
ρ(γ) = 1 for all γ ∈ π1(XR\D,x0).
By construction, the image of the constant representation by the Riemann-Hilbert
correspondence for weight 0 is simply the trivial line bundle over X, i.e., OX , to-
gether with the trivial connection. Thus, the image of weight β corresponds to the
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line bundle
ξ := OX
(∑
x∈D
β(x)x
)
with the trivial parabolic structure of weight β and the connection ∇ξ,β.
The Riemann-Hilbert correspondence is bijective. Thus, by the commutativity of
diagram (5.3), it sends the fiber of the determinant over [ρ] to the fiber of the deter-
minant in Mconn(r, α) over (ξ, ξ•,∇ξ,β). By definition (4.1), this fiber is precisely
Mconn(r, α, ξ). Therefore, the restriction of the Riemann-Hilbert correspondence to
Mrep(XR, r, α) induces the biholomorphic isomorphism (5.2).
The isomorphism sends each representation ρ : π1(XR\D,x0) −→ SL(r,C) to an
associated parabolic vector bundle (EX(ρ), EX,•(ρ)) over X with weight system α,
endowed with a parabolic connection ∇X(ρ).
Composing the isomorphism (5.2) with the action of C∗ in the moduli space of
parabolic λ-connections given by (4.4) gives us an embedding of Mrep(XR, α) →֒
pr−1λ (λ) for every λ ∈ C
∗. This defines a holomorphic open embedding
(5.4) C∗ ×Mrep(XR, r, α) →֒ MHod(X, r, α, ξ)
onto the open locus pr−1λ (C
∗) ⊂MHod(X, r, α, ξ).
Let JX denote the almost complex structure of the Riemann surface X. Then
−JX is also an almost complex structure on XR. The Riemann surface defined by
−JX will be denoted by X. Similarly, let ξ be the vector bundle obtained with
the conjugate almost complex structure of ξ. As a topological vector bundle it is
isomorphic to ξ−1.
We can also consider the moduli spaceMHod(X, r,−α, ξ) of parabolic λ-connections
on X , etc. Now, we define the parabolic Deligne-Hitchin moduli space
MDH(X, r, α) :=MHod(X, r, α, ξ) ∪MHod(X, r,−α, ξ)
by gluingMHod(X, r, α, ξ) toMHod(X, r,−α, ξ) along the image of C
∗×Mrep(XR, r, α) ∼=
C∗ ×Mrep(XR, r,−α) for the map in (5.4). More precisely, we identify, for each
λ ∈ C∗ and each representation ρ ∈Mre rep(XR, r, α), the two points
(λ,EX(ρ), EX,•(ρ), λ · ∇X(ρ)) ∈ MHod(X, r, α, ξ)
and (λ−1, EX(ρ), EX,•(ρ), λ
−1 · ∇X(ρ)) ∈ MHod(X, r,−α, ξ)
The forgetful map prλ in (4.6) extends to a natural holomorphic morphism
(5.5) pr :MDH(X, r, α) −→ CP
1
whose fiber over λ ∈ CP1 is canonically biholomorphic to
• the moduli space MHiggs(X, r, α, ξ) of parabolic SL(r,C) Higgs bundles on
X of weight system α and det(E) ∼= ξ if λ = 0
• the moduli spaceMHiggs(X, r,−α, ξ) of parabolic SL(r,C) Higgs bundles on
X of weight system −α and det(E) ∼= ξ if λ =∞
• the moduli space of parabolic λ-connections on X of weight system α and
det(E) ∼= ξ for every fixed λ 6= 0 and λ 6= ∞. This fibers are also bi-
holomorphic to the moduli space Mrep(XR, r, α) of equivalence classes of
representations [ρ] ∈ Hom(π1(XR\D,x0),SL(r,C))/ SL(r,C) such that for
some fixed loops γx ∈ π1(XR\D,x0) around the points x ∈ D, ρ(γx) has
eigenvalues {e−2πiαi(x)}.
Now we can prove the main result.
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Theorem 5.1. Let r = 2. Let X be a smooth complex projective curve of genus
g ≥ 3. Let D be a finite set of n ≥ 1 distinct points over X and let α be a
concentrated generic (in particular full flag) system of weights over D such that for
every x ∈ D,
β(x) =
r∑
i=1
αi(x) ∈ Z
and
∑
x∈D β(x) is coprime with r. The isomorphism class of the complex analytic
space MDH(X, r, α) determines uniquely the isomorphism class of the unordered pair
of punctured Riemann surfaces {(X,D), (X,D)}.
Proof. As α is full flag and generic, MDH(X, r, α) is smooth. Let
TMDH(X, r, α) −→MDH(X, r, α)
be its holomorphic tangent bundle. SinceMHod(X, r, α, ξ) is open inMDH(X, r, α),
Corollary 4.5 implies that the restriction of TMDH(X, r, α) to
i(M(X, r, α, ξ)) ⊂MHod(X, r, α, ξ) ⊂MDH(X, r, α)
does not admit any nonzero holomorphic section. The same argument applies if
we replace X by X . Since MHod(X, r,−α, ξ) is also open in MDH(X, r, α), the
restriction of TMDH(X, r, α) to
i(M(X, r,−α, ξ)) ⊂MHod(X, r,−α, ξ) ⊂MDH(X, r, α)
does not admit any nonzero holomorphic section either. We will extend the C∗ action
on MHod(X, r, α, ξ) in (4.4) to MDH(X, r, α). We consider the corresponding C
∗
action on MHod(X, r, α, ξ). The action of any t ∈ C
∗ on the open subset C∗ ×
Mrep(XR, r, α) −→ MHod(X, r, α, ξ) in (5.4) coincides with the action of 1/t on
C∗ ×Mrep(XR, r, α) −→ MHod(X, r,−α, ξ). Therefore, we get an action of C
∗ on
MDH(X, r, α).
Due to Proposition 4.2, each irreducible component of the fixed point locus of this
C∗ action on MDH(X, r, α) has dimension less or equal to (r
2 − 1)(g − 1) + n(r
2−r)
2 ,
with equality only for i(M(X, r, α, ξ)) and for i(M(X, r,−α, ξ)).
In a similar way of the proof of Corollary 4.6, these observations imply that
MDH(X, r, α) determines the isomorphism class of the unordered pair of moduli
spaces {M(X, r, α, ξ),M(X, r,−α, ξ)}. Therefore, using [BdBnB01, Theorem 3.2]
the statement of the theorem follows. 
The rank two condition of the previous theorem is only necessary in order to apply
the Torelli theorem in [BdBnB01]. If the Theorem of [BdBnB01] were extended to
higher rank, then Theorem 5.1 would also hold for higher rank with the same proof
given above.
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